Quantum speed limit for relativistic spin-0 and spin-1 bosons on
  commutative and noncommutative planes by Wang, K. et al.
ar
X
iv
:1
70
3.
01
06
3v
3 
 [h
ep
-th
]  
15
 M
ay
 20
17
Quantum speed limit for relativistic spin-0 and spin-1 bosons on commutative and
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Quantum speed limits of relativistic charged spin-0 and spin-1 bosons in the background of a
homogeneous magnetic field are studied on both commutative and noncommutative planes. We
show that, on the commutative plane, the average speeds of wave packets along the radial direction
during the interval in which a quantum state evolving from an initial state to the orthogonal final
one can not exceed the speed of light, regardless of the intensities of the magnetic field. However,
due to the noncommutativity, the average speeds of the wave packets on noncommutative plane will
exceed the speed of light in vacuum provided the intensity of the magnetic field is strong enough.
It is a clear signature of violating Lorentz invariance in quantum mechanics region.
PACS numbers: 11.10.Ef, 03.65.Pm, 03.65.Ge
I. INTRODUCTION
Duffin-Kemmer-Petiau (DKP) equation is a first-order
relativistic wave equation [1–3]. Different from Dirac
equation which describes spin- 12 fermions, DKP equation
describes spin-0 and spin-1 bosons. DKP equation takes
the form
(iβµ∂µ −m0)ψ = 0, (1)
where m0 is the rest mass and the matrices β
µ satisfy
the algebraic ralation
βµβνβα + βαβνβµ = gµνβα + gανβµ. (2)
Here, gµν = gµν = diag(+,−,−,−) is the metric
tensor. The algebra (2) has three different represen-
tations: a (one-dimensional) trivial representation, a
five-dimensional representation describing spin-0 bosons
and a ten-dimensional representation describing spin-1
bosons. As a Dirac-type exactly solvable relativistic
quantum mechanical model, DKP equation is studied
from various aspects in the past years. The magnetic
coupling in DKP equation is also considered [4]. When
magnetic field is taken into consideration, one should in-
troduce the magnetic potentials by the minimal coupling
(we set ~ = c = 1),
pi → pi + qAi, (3)
where q and Ai are the charge and the magnetic poten-
tials respectively. Since DKP equation is analogous with
Dirac equation, the author of Ref. [4] compares it with
Dirac equation in detail in that paper.
On the other hand, the minimum time of a quan-
tum state evolving from an initial state to the orthog-
onal final one in Hilbert space is of great importance
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in the field of quantum computation, quantum control
and quantum metrology. In fact, it has attracted at-
tention for a long time [5]. At the present, there are
two different descriptions of the minimum time for a
quantum system evolving from an initial state to the
orthogonal final state. One is given by the expression
Tmin =
pi~
2∆E , in which ∆E is the energy variance, de-
fined by ∆E =
√
〈ψ|H2|ψ〉 − 〈ψ|H |ψ〉2, with H being
the Hamiltonian of the system and |ψ〉 being a spe-
cific superposition of eigenstates of H [6]. The other is
given in Ref. [7], which states that the minimum time
is given by Tmin =
pi~
2(E¯−E0)
, where E¯ and E0 are the
mean energy and the lowest energy of the state which
participates in the superposition. Obviously, the results
of Ref. [6] and [7] will be equivalent if the condition
∆E = E¯ − E0 is satisfied. This condition can be sim-
ply satisfied by superposing two steady states homoge-
neously. According to the results in Refs. [6, 7], it is nat-
ural to assume that the minimum time should be given
by Tmin = Max{ pi~2∆E , pi~2(E¯−E0)} [8]. A unified bound
which contains both ∆E and E¯ is considered [9].
An interesting connection between the minimum time
of the quantum state evolving in Hilbert space and the
average speed of an electron wave packet travelling in
spital space is constructed in a recent paper [10]. In this
paper, the authors study a relativistic electron coupling
to a homogeneous magnetic field. They find that the av-
erage speed of this electron wave packet moving in radial
direction during the interval in which a quantum state
evolving from an initial state to the orthogonal final one
in Hilbert space is less than the speed of light in vac-
uum, regardless of intensities of the magnetic field one
applies. It seems that, as expected, Lorentz invariance
is not violated in this relativistic quantum mechanical
model. Lorentz invariance would be violated in the non-
relativistic limit of this model since the average speed of
the electron wave packet in radial direction exceeds the
speed of light in vacuum provided the intensity of the
2magnetic field is strong enough.
The work in Ref. [10] is generalized to noncommutative
case recently. In the reference [11], the authors study the
noncommutative (both the coordinates and momenta are
noncommutative simultaneously) Dirac equation. They
find that Lorentz invariance will be violated in noncom-
mutative Dirac equation since the average speed of an
electron wave packet exceeds the speed of light in vacuum
if the magnetic field is strong enough. In fact, the prob-
lem of violating Lorentz has been considered in Refs. [12–
16]. In Ref. [12], the authors find that because of non-
commutativity, Lorentz invariance will be violated in the
noncommutative quantum electro-dynamics (QED) since
the electromagnetic wave travels in different speed along
different directions at the presence of a background mag-
netic field. A similar result is also obtained in Ref.[13].
This problem is also considered semiclassically from both
noncommutative and gravitational points of view [14–16].
In this paper, we investigate the problems of whether
Lorentz invariance is violated for spin-0 or spin-1 rel-
ativistic bosons in two-dimensional spatial space. We
study the commutative case firstly and then generalize to
the noncommutative case. The organization of this paper
is as follows: In next section, we study spin-0 and spin-1
charged bosons coupling to homogeneous magnetic fields
on commutative plane. Then, in section III, we study the
noncommutative case. Some remarks and further discus-
sions will be presented in the last section.
II. SPIN-0 AND SPIN-1 CHARGED BOSONS
COUPLING TO A HOMOGENOUS MAGNETIC
FIELD ON COMMUTATIVE PLANE
In this section, we study spin-0 and spin-1 bosons cou-
pling to a homogeneous magnetic field on a commutative
plane. We start our studies from the spin-0 bosons.
As stated before, the five-dimensional representation
of the algebra (2) describes spin-0 boson. The explicit
expressions of five-dimensional βµ matrices are
β0 =
(
Θ 0¯
0¯T 0
)
, βi =
(
0˜ ρi
(−ρi)T 0
)
, (4)
in which
Θ =
(
0 1
1 0
)
, ρ1 =
( −1 0 0
0 0 0
)
,
ρ2 =
(
0 −1 0
0 0 0
)
, ρ3 =
(
0 0 −1
0 0 0
)
. (5)
Here 0¯, 0˜ and 0 are 2 × 3, 2 × 2 and 3× 3 zero matrices
respectively. Choosing symmetric gauge Ai = − 12Bǫijxj
and introduce Larmor frequency ωL =
qB
2m0
, we write
equation (1) in the form[
β0E + β1(p1 −m0ωLx2) (6)
+ β2(p2 +m0ωLx1)−m0
]
ψ(x1, x2, t) = 0, (7)
where ψ(x1, x2, t) is a five-component wave function
ψ(x1, x2, t) = (ψ
1, ψ2, ψ3, ψ4, ψ5)T (x1, x2, t).
Substituting the explicit expressions of βµ matrices (4)
into the above equation, we get a set of equations
−m0ψ1 + Eψ2 − (p1 −m0ωLx2)ψ3
−(p2 +m0ωLx1)ψ4 = 0, (8a)
Eψ1 −m0ψ2 = 0, (8b)
(p1 −m0ωLx2)ψ1 −m0ψ3 = 0, (8c)
(p2 +m0ωLx1)ψ1 −m0ψ4 = 0, (8d)
ψ5 = 0. (8e)
Obviously, the five components (ψ1, ψ2, ψ3, ψ4, ψ5) are
not independent each other.
Combining the above equations, we get the dynamical
equation of the component ψ1. It is
(E2 −m20)ψ1 = 2m0HLψ1, (9)
where HL is the Landau Hamiltonian,
HL =
1
2m0
(p21 + p
2
2) +
1
2
m0ω
2
L(x
2
1 + x
2
2) + ωLLz, (10)
with Lz = xpy− ypx being the angular momentum along
z direction. Obviously, the Hamiltonian (10) describes a
planar non-relativistic charged particle interacting with
a homogeneous perpendicular magnetic field.
The equation (9) is easily solved. The eigenvalues and
eigenfunctions respectively are [17]
En,ml = ±
√
m20 + 2m0(n+ml + 1)ωL (11)
and
ψ1 = Fn,ml(r, ϕ) =
(−1)
n−|ml|
2 (n−|ml|2 )!√
π(n+|ml|2 )!(
n−|ml|
2 )!
(12)
×α(αr)|ml|L|ml|
(
n−|ml|
2
)
(α2r2)e−
1
2
α2r2eimlϕ,
where n = 0, 1, 2, · · · , ml = −n,−n + 2, · · · , n − 2, n,
α =
√
m0ωL =
√
qB
2 and L
|ml|
(
n−|ml|
2
)
is Laguerre’s poly-
nomials. Thus, the multi-component wave function ψ
can be obtained if one chooses a specific solution of the
component ψ1.
In order to simplify our further calculation and make
a comparison with the spin- 12 case [10], we choose two
steady states whose first components respectively are (we
only consider the positive-energy sector)
ψ1 = F0,0(r, ϕ) =
1√
π
αe−
1
2
α2r2 (13)
and
ψ1 = F2,0 = − 1√
π
α(1 − α2r2)e− 12α2r2 . (14)
3Then, after some direct calculations, we get these two
steady states. They are
φ0,0 = N0,0


F0,0
E0,0
m0
F0,0
iα
m0
F1,1
α
m0
F1,1
0

 e
−iE0,0t, (15)
and
φ2,0 = N2,0


F2,0
E2,0
m0
F2,0
iα
m0
(
√
2F3,1 − F1,−1)
α
m0
(F3,1 + F1,−1)
0

 e
−iE2,0t, (16)
where
N0,0 =
m0√
m20 + E
2
0,0 + 2α
2
, N2,0 =
m0√
m20 + E
2
2,0 + 6α
2
(17)
are two normalization constants.
For the purpose of avoiding the controversy on the min-
imum time for a quantum state evolving in the Hilbert
space from an initial state to the orthogonal final one
is determined by the energy variance ∆E or the mean
energy E¯, we superpose these two steady states (15, 16)
homogeneously, i.e.,
Ψ(r, ϕ, t) =
1√
2
[
φ0,0(r, ϕ)e
−iE0,0t + φ2,0(r, ϕ)e
−iE2,0t
]
.
(18)
According to Refs. [6, 7], the minimum time for a the
state Ψ(r, ϕ, t) evolving from the initial state Ψ(r, ϕ, 0) to
the final orthogonal state Ψ(r, ϕ, Tmin) is given by Tmin =
pi~
2(E¯−E0,0)
, or, equivalnetly, Tmin =
pi~
2∆E , where E¯ and
∆E are the mean energy and energy variance on the state
|Ψ(t)〉 respectively. After direct calculation, we get
Tmin =
π√
m20 + 3qB −
√
m20 + qB
. (19)
The average radial displacement of the spinless boson
in the interval [0, Tmin] is given by
∆r =
∣∣∣〈Ψ(Tmin)|r|Ψ(Tmin)〉 − 〈Ψ(0)|r|Ψ0)〉
∣∣∣
= 2
∣∣∣〈φ0,0|r|φ2,0〉
∣∣∣. (20)
Substituting (15, 16, 18) into the above equation and
after some direct calculations, we arrive at
∆r = (
1
4
+
3
√
3
8
)
√
π
α
. (21)
Thus, the average speed of the wave-packet of this
charged boson along the radial direction during this in-
terval is
v¯ =
∆r
Tmin
=
2 + 3
√
3
8
√
2
πqB
(
√
m20 + 3qB −
√
m20 + qB).(22)
The average speed v¯ is a monotone increasing function
of B. The average speed v¯ reaches its maximum when
B →∞. It is
v¯max = lim
B→∞
v¯ =
2 + 3
√
3
8
(
√
6−√2)√
π
.
= 0.5254 < 1.
(23)
It shows that the average radial speed of this spinless bo-
son wave-packet is less than the speed of light in vacuum
(c = 1) no matter the intensities of the magnetic field.
Therefore, Lorentz invariance is not violated in this rel-
ativistic quantum mechanics model.
Now, we study the DKP equation with 10-dimensional
representation of the algebra (2). As is known, it de-
scribes spin-1 bosons. The explicit expressions of β ma-
trices are
β0 =


0 0ˇ 0ˇ 0ˇ
0ˇT 03×3 I3×3 03×3
0ˇT I3×3 03×3 03×3
0ˇT 03×3 03×3 03×3

 (24)
and
βi =


0 0ˇ ei 0ˇ
0ˇT 03×3 03×3 −iSi
−eiT 03×3 03×3 03×3
0ˇT −iSi 03×3 03×3

 , (25)
in which
0ˇ = (0, 0, 0), e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (0, 0, 1),
(26)
and
S1 =

 0 0 00 0 −i
0 i 0

 , S2 =

 0 0 i0 0 0
−i 0 0

 , S3 =

 0 −i 0i 0 0
0 0 0

 .(27)
Using the explicit expressions of β matrices, we write
4the DKP equation in the component form,
(p1 −m0ωLx2)ψ5 + (p2 +m0ωLx1)ψ6 = m0ψ1,
(28a)
Eψ5 + (p2 +m0ωLx1)ψ
10 = m0ψ
2,
(28b)
Eψ6 − (p1 −m0ωLx2)ψ10 = m0ψ3,
(28c)
Eψ7 − (p2 +m0ωLx1)ψ8 + (p1 −m0ωLx2)ψ9 = m0ψ4,
(28d)
Eψ2 − (p1 −m0ωLx2)ψ1 = m0ψ5,
(28e)
Eψ3 − (p2 +m0ωLx1)ψ1 = m0ψ6,
(28f)
Eψ4 = m0ψ
7,
(28g)
(p2 +m0ωLx1)ψ
4 = m0ψ
8,
(28h)
−(p1 −m0ωLx1)ψ4 = m0ψ9,
(28i)
−(p2 +m0ωLx1)ψ2 + (p1 −m0ωLx2)ψ3 = m0ψ10.
(28j)
According to equations (28d, 28g, 28h, 28i), we get the
dynamical equation of the component ψ4
(E2 −m20)ψ4 = 2m0HLψ4, (29)
where HL is given in (10).
Therefore, the solutions of ψ4 in spin-1 case take the
same form as (11, 12), i.e.,
En,ml = ±
√
m20 + 2m0(n+ml + 1)ωL (30)
and
ψ4 = Fn,ml(r, ϕ) =
(−1)
n−|ml|
2 (n−|ml|2 )!√
π(n+|ml|2 )!(
n−|ml|
2 )!
(31)
×α(αr)|ml|L|ml|
(
n−|ml|
2
)
(α2r2)e−
1
2
α2r2eimlϕ.
Following Ref. [18], we choose a special solution for com-
ponents ψ2 and ψ3
ψ2 = 0 and ψ3 = 0. (32)
As a result, the components ψ1 = ψ5 = ψ6 = 0. Thus,
the ten-component eigenfunction can be obtained if we
select a specific solution for ψ4 from (31). In order to
simplify our future calculations and make a comparison
with Ref. [10], we choose two specific solutions for ψ4.
They are
ψ4 = F0,0 =
1√
π
αe−
1
2
α2r2 (33)
and
ψ4 = F2,0 = − 1√
π
α(1 − α2r2)e− 12α2r2 . (34)
Thus, the explicit expressions for two steady states we
want to superpose are
φ0,0 = N0,0


0
0
0
F0,0
0
0
E0,0
m0
F0,0
α
m0
F1,1
− iα
m0
F1,1
0


, (35)
and
φ2,0 = N2,0


0
0
0
F2,0
0
0
E2,0
m0
F2,0
α
m0
(
√
2F3,1 + F1,−1)
− iα
m0
(
√
2F3,1 − F1,−1)
0


, (36)
where N0,0, N2,0 are identical to (17).
We superpose these two steady states (35, 36) homo-
geneously
Ψ(r, ϕ, t) =
1√
2
[φ0,0(r, ϕ)e
−iE0,0t + φ2,0(r, ϕ)e
−iE2,0t].
(37)
The eigenvalues are equal to the ones in spin-0 case, thus
the minimum time for state (37) evolving from the initial
state Ψ(r, ϕ, 0) to the final orthogonal state Ψ(r, ϕ, Tmin)
is the same as (19). The radial displacement of the wave
packet during the interval [0, Tmin] can be calculated
straightforwardly. The result is nothing but (20). There-
fore, the average velocity along radial direction of this
spin-1 boson is the same as in (22). The maximum aver-
age speed is achieved when the intensity of the magnetic
field tends to infinity. The result is identical to (23). It
is less than the speed of light in vacuum. Thus, it shows
that Lorentz invariance is not violated.
III. SPIN-0 AND SPIN-1 BOSONS ON
NONCOMMUTATIVE PLANE
We generalize our previous studies to the noncommu-
tative plane in this section. Noncommutativity has at-
tracted much attention due to superstring theories in
5recent years [19–22]. There are a large number of pa-
pers studying quantum field theories in noncommutative
space [23–28]. Non-relativistic noncommutative quan-
tum mechanical models, such as noncommutative har-
monic oscillator, noncommutative Landau problem have
been studied extensively [29–35]. The relativistic quan-
tum mechanical models on noncommutative space are
also investigated since the work of [36]. Some geometri-
cal phases in noncommutative relativistic quantum the-
ory are studied Refs. [37–39] recently. Interestingly, it
is found that the noncommutativity even has some rela-
tionship with JC model in quantum optics context [40].
As we have shown, the average speeds of the wave
packets of spin-0 and spin-1 bosons described by DKP
equation along the radial direction will not exceed the
speed of light in vacuum, regardless of the intensity of the
magnetic field. A natural question is: does the Lorentz
invariance be violated in the noncommutative DKP equa-
tion? In the following, we will investigate DKP equation
in noncommutative 2 + 1-dimensional phase space.
The noncommutative 2+ 1-dimensional phase space is
described by the algebraic relation
[xˆi, xˆj ] = iθǫij , [pˆi, pˆj ] = iηǫij ,
[xˆi, pˆj ] = i(1 +
θη
4
)δij , i, j = 1, 2, (38)
where θ and η are two real parameters, and ǫij is the
2-dimensional anti-symmetric tensor. In order to avoid
the problem of unitarity, we only consider noncommuta-
tivities among coordinates and momenta.
The most general method of studying noncommuta-
tive quantum mechanics is to assume that the dynam-
ical equations in noncommutative quantum mechanics
take the same form as their commutative counterparts.
However, variables in dynamical equation are replaced by
the corresponding noncommutative ones. Therefore, the
noncommutative version of spin-0 DKP equations (8) is
−m0ψ1 + Eψ2 − (pˆ1 −m0ωLxˆ2)ψ3
−(pˆ2 +m0ωLxˆ1)ψ4 = 0, (39a)
Eψ1 −m0ψ2 = 0, (39b)
−m0ψ3 + (pˆ1 −m0ωLxˆ2)ψ1 = 0, (39c)
−m0ψ4 + (pˆ2 +m0ωLxˆ1)ψ1 = 0, (39d)
ψ5 = 0. (39e)
In which (xˆi, pˆi) satisfy the algebraic relation (38) and
we have chosen the symmetric gauge Aˆi = −B2 ǫij xˆj [42].
Combining the above equations, we get
(E2 −m20)ψ1 = 2m0HˆNCL ψ1, (40)
where
HˆNCL =
1
2m0
(pˆ21 + pˆ
2
2) +
1
2
m0ω
2
L(xˆ
2
1 + xˆ
2
2) + ωLLˆz, (41)
with Lˆz = xˆpˆy − yˆpˆx being the noncommutative angular
momentum along z direction. Hamiltonian (41) describes
a planar non-relativistic charged particle interacting with
a homogeneous perpendicular magnetic field on the non-
commutative plane (38).
We map noncommutative variables (xˆi, pˆi) to commu-
tative ones (xi, pi) which satisfy the standard Heisenberg
algebra
[xi, xj ] = [pi, pj ] = 0, [xi, pj ] = iδij . (42)
It is straightforward to check that the map from noncom-
mutative variables to commutative ones can be realized
by [41]
xˆi = xi − θ
2
ǫijpj , pˆi = pi +
η
2
ǫijxj . (43)
In terms of commutative variables (xi, pi), we find
the dynamical equation for component ψ1 from equations
(39a, 39b, 39c, 39d),
(E2 −m20)ψ1 = 2m0HNCL ψ1, (44)
where HNCL is the noncommutative Landau Hamiltonian
expressed in terms of commutative variables (xi, pi). It
is
HNCL =
1
2Meff
(p21 + p
2
2) +
1
2
MeffΩ
2(x21 + x
2
2) + ΩLz,(45)
in which
Meff =
m0
(1− qθB4 )2
, Ω2 =
[
1
m0
(1 − qθB
4
)(
qB
2
− η
2
)
]2
.
(46)
The eigenvalues and eigenfunctions of equation (44)
are
En,ml = ±
√
m20 + 2m0(n+ml + 1)Ω (47)
and
ψ1 = Fn,ml(r, ϕ) =
(−1)
n−|ml|
2 (n−|ml|2 )!√
π(n+|ml|2 )!(
n−|ml|
2 )!
(48)
×α′(α′r)|ml|L|ml|
(
n−|ml|
2
)
(α′2r2)e−
1
2
α′2r2eimlϕ,
where n = 0, 1, 2, · · · , ml = −n,−n+2, · · · , n−2, n, and
α′ =
√
MeffΩ
Other components can be calculated directly from the
commutative version of equations (39b, 39c, 39d)
Eψ1 −m0ψ2 = 0, (49a)
−m0ψ3 +
[
(1− qθB
4
)p1 + (
η
2
− qB
2
)x2
]
ψ1 = 0, (49b)
−m0ψ4 +
[
(1− qθB
4
)p2 − (η
2
− qB
2
)x1
]
ψ1 = 0. (49c)
6In order to make a comparison with commutative ver-
sion, we choose two solutions of ψ1 as
ψ1 = F0,0 =
1√
π
α′e−
1
2
α′2r2 (50)
and
ψ1 = F2,0 = − 1√
π
α′(1− α′2r2)e− 12α′2r2 . (51)
Then, the corresponding two steady states are
φ0,0 = N0,0


F0,0
E0,0
m0
F0,0
i α
′
m0
(1− qθB4 )F1,1
α′
m0
(1 − qθB4 )F1,1
0


(52)
and
φ2,0 = N2,0


F2,0
E2,0
m0
F2,0
i α
′
m0
(1 − qθB4 )(
√
2F3,1 − F1,−1)
α′
m0
(1− qθB4 )(
√
2F3,1 + F1,−1)
0


, (53)
where N0,0 and N2,0 are two normalization constants.
They are
N0,0 =
m0√
m20 + E
2
0,0 + 2α
′2(1 − qθB4 )2
(54)
and
N2,0 =
m0√
m20 + E
2
2,0 + 6α
′2(1 − qθB4 )2
(55)
respectively.
We superpose two steady states (52) and (53) homo-
geneously. Thus the state we prepared is
Ψ(r, ϕ, t) =
1√
2
[
φ0,0(r, ϕ)e
−iE0,0t + φ2,0(r, ϕ)e
−iE2,0t
]
.
(56)
According to Refs. [6, 7], the minimum time for state (56)
evolving from the initial state Ψ(r, ϕ, 0) to the final or-
thogonal one Φ(r, ϕ, Tmin) is given by Tmin =
pi~
2(E¯−E0,0)
=
pi~
2∆E . Substituting the eigenvalues (47) for states φ0,0 and
φ2,0 into the expression of the minimum time, we get
Tmin =
π√
m20 + 6m0Ω−
√
m20 + 2m0Ω
. (57)
Accordingly, the displacement along the radial direc-
tion during the period of time Tmin is given by the ex-
pression ∆r =
∣∣〈Ψ(Tmin)|r|Ψ(Tmin)〉 − 〈Ψ(0)|r|Ψ(0)〉∣∣ =
2
∣∣〈φ0,0|r|φ2,0〉∣∣. Substituting equations (56) into the ex-
pressions of ∆r and taking the limit of B →∞, we get
∆r =
∣∣〈φ0,0|r|φ2,0〉∣∣ = 2 + 3
√
3
8
α′. (58)
Therefore, the average speed along the radial direction
of wave packet during the interval [0, Tmin] in the limit
B →∞ is given by
v¯ =
∆r
Tmin
.
= 0.5254
∣∣1− qθB
4
∣∣. (59)
Compared with the commutative case, we find that
due to spatial noncommutativity, there is an extra factor∣∣1 − qθB4 ∣∣. It is this factor which enables average radial
speed of the wave packet to exceed the speed of light in
vacuum provided the intensity of the magnetic field is
strong enough. It is a clear evidence of violating Lorentz
invariance in this noncommutative relativistic quantum
mechanical model.
Now, we study the noncommutative spin-1 DKP equa-
tion. In noncommutative plane, the dynamical equations
take the same form as Eqs. (28) except variables (xi, pi)
are replaced by noncommutative ones (xˆi, pˆi). Thus, the
explicit form of the dynamical equations in noncommu-
tative plane are
(pˆ1 −m0ωLxˆ2)ψ5 + (pˆ2 +m0ωLxˆ1)ψ6 = m0ψ1,
(60a)
Eψ5 + (pˆ2 +m0ωLxˆ1)ψ
10 = m0ψ
2,
(60b)
Eψ6 − (pˆ1 −m0ωLxˆ2)ψ10 = m0ψ3,
(60c)
Eψ7 − (pˆ2 +m0ωLxˆ1)ψ8 + (pˆ1 −m0ωLxˆ2)ψ9 = m0ψ4,
(60d)
Eψ2 − (pˆ1 −m0ωLxˆ2)ψ1 = m0ψ5,
(60e)
Eψ3 − (pˆ2 +m0ωLxˆ1)ψ1 = m0ψ6,
(60f)
Eψ4 = m0ψ
7,
(60g)
(pˆ2 +m0ωLxˆ1)ψ
4 = m0ψ
8,
(60h)
−(pˆ1 −m0ωLxˆ2)ψ4 = m0ψ9,
(60i)
−(pˆ2 +m0ωLxˆ1)ψ2 + (pˆ1 −m0ωLxˆ2)ψ3 = m0ψ10.
(60j)
Mapping noncommutative variables (xˆi, pˆi) to commu-
tative ones (xi, pi), we get the commutative version of
7Eqs. (60),
[
(1 − qθB
4
)p1 + (
η
2
− qB
2
)x2
]
ψ5
+
[
(1− qθB
4
)p2 − (η
2
− qB
2
)x1
]
ψ6 = m0ψ
1,
(61a)
Eψ5 +
[
(1− qθB
4
)p2 − (η
2
− qB
2
)x1
]
ψ10 = m0ψ
2,
(61b)
Eψ6 − [(1− qθB
4
)p1 + (
η
2
− qB
2
)x2
]
ψ10 = m0ψ
3,
(61c)
Eψ7 − [(1 − qθB
4
)p2 − (η
2
− qB
2
)x1
]
ψ8
+
[
(1− qθB
4
)p1 + (
η
2
− qB
2
)x2
]
ψ9 = m0ψ
4,
(61d)
Eψ2 − [(1− qθB
4
)p1 + (
η
2
− qB
2
)x2
]
ψ1 = m0ψ
5,
(61e)
Eψ3 − [(1− qθB
4
)p2 − (η
2
− qB
2
)x1
]
ψ1 = m0ψ
6,
(61f)
Eψ4 = m0ψ
7,
(61g)
[
(1− qθB
4
)p2 − (η
2
− qB
2
)x1
]
ψ4 = m0ψ
8,
(61h)
−[(1− qθB
4
)p1 + (
η
2
− qB
2
)x2
]
ψ4 = m0ψ
9,
(61i)
−[(1 − qθB
4
)p2 − (η
2
− qB
2
)x1
]
ψ2
+
[
(1− qθB
4
)p1 + (
η
2
− qB
2
)x2
]
ψ3 = m0ψ
10.
(61j)
The dynamical equation for component ψ4 can be ob-
tained from above equations. It is
(E2 −m20)ψ4 = 2m0HNCL ψ4, (62)
where HNCL is given in (45). With the help of solutions
to the equation (44), we get the solutions to the equation
(62) easier. The eigenvalues are identical to (47) and the
corresponding solutions of component ψ4 are identical
with the solutions of ψ1 in noncommutative spin-0 case
(48).
Similar with the commutative version, we set ψ2 =
ψ3 = 0. Then the other components can be determined
by the equations (61). For the sake of comparing with the
corresponding commutative case, we choose two specific
solutions of ψ4,
ψ4 = F0,0 =
1√
π
α′e−
1
2
α′2r2 ,
ψ4 = F2,0 = − 1√
π
α′(1− α′2r2)e− 12α′2r2 . (63)
Then, the two steady states we prepared are
φ0,0 = N0,0


0
0
0
F0,0
0
0
E0,0
m0
F0,0
α′
m0
(1− qθB4 )F1,1
− iα′
m0
(1 − qθB4 )F1,1
0


(64)
and
φ2,0 = N2,0


0
0
0
F2,0
0
0
E2,0
m0
F2,0
α
m0
(1− qθB4 )(
√
2F3,1 + F1,−1)
− iα
m0
(1− qθB4 )(
√
2F3,1 − F1,−1)
0


. (65)
Superposing these two steady states homogeneously,
we get the state
Ψ(r, ϕ, t) =
1√
2
[φ0,0(r, ϕ)e
−iE0,0t + φ2,0(r, ϕ)e
−iE2,0t].
(66)
The minimum time for this state evolving from the initial
state Ψ(r, ϕ, 0) to the orthogonal final one Ψ(r, ϕ, Tmin)
is identical to (57). The displacement along the radial
direction can also be calculated directly. It is equiva-
lent to (58) in the limit of B → ∞. Thus, the average
speed of the wave packet during interval [0, Tmin] is given
by (59). Compared with the commutative counterpart,
there is an extra factor |1 − qθB4 | which enables the av-
erage speed along the radial direction to exceed light in
vacuum. Therefore, it means that Lorentz invariance is
also violated in this relativistic spin-1 boson due to non-
commutativity.
IV. CONCLUSIONS AND REMARKS
In this paper, we investigate the problem of whether
Lorentz invariance is violated in noncommutative quan-
tum mechanics regime. In fact, the violation of Lorentz
8invariance due to noncommutativity has been noticed
more than 10 years in Refs. [12, 13]. Nevertheless, there
is a difference between Refs. [12, 13] and ours. In Refs.
[12, 13], the authors investigate the propagation of elec-
tromagnetic wave in noncommutative space. The elec-
tromagnetic wave, from the quantum point of view, is
photons, which are massless.
We study the charged massive spin-0 and spin-1 rel-
ativistic bosons in the presence of homogeneous mag-
netic fields in 2-dimensional space. Both commutative
and noncommutative cases are studied. According to
the theory of special relativity, the speed of a massive
particle can not exceed the speed of light in vacuum. In
our studies, we find that the average radial speeds of
wave packets during the interval [0, Tmin] in commuta-
tive plane are less than the speed of light in vacuum,
no matter how strong the intensity of the magnetic field
is. However, when noncommutativity is taken into ac-
count, we find that the average radial speed will exceed
the speed of light in vacuum if the intensity of the mag-
netic field is strong enough. It conflicts with the special
relativity directly. Therefore, it indicates that Lorentz
invariance will be violated in noncommutative space in
quantum mechanics regime.
It is known that there are redundant degrees of free-
dom in DKP equation. For the spin-0 case, the physical
degree of freedom is easy to obtained. However, it is not
straightforward to get the degrees of freedom for spin-1
case [43]. The solutions (35, 36) and (64, 65) are based
on ψ2 = ψ3 = 0, which are special solutions to DKP
equation. It may be worthwhile to study whether the
same conclusions still be held for the general solutions of
the DKP equation [44].
Acknowledgement
This work is supported by the NSFC with Grant No
11465006.
[1] G. Petiau, Acad. Roy. Belg., A. Sci., Mem. Collect. 16
(1936).
[2] R.J Duffin, Phys. Rev., 54 (1938) 1114.
[3] N. Kemmer, Proc. R. Soc. A, 173 (1939) 91.
[4] M. Nowakowski, Phys. Lett. A., 244 (1998) 329.
[5] L. Mandelstam and I. G. Tamm, J. Phys, URSS,
9(1945)249.
[6] G.N. Fleming, Nuovo Cimento A, 16 (1973) 232, J. Anan-
dan and Y. Aharonov, Phys. Rev. Lett. 65 (1990) 1697.
L. Vaidman, Am. J. Phys, 60 (1992) 182.
[7] N. Margolus and L. B. Levitin, Phys. D (Amsterdam,
Neth), 120 (1998) 188.
[8] V. Giovannetti, S.Lloyd and L. Maccone, Phys. Rev. A.
67 (2003) 052109.
[9] L. B. Levitin and T. Toffoli, Phys. Rev. Lett. 103 (2009)
160502.
[10] D. V. Villamizar and E. I. Duzzioni, Phys. Rev. A, 92
(2015) 042106.
[11] K. Wang, Y.F Zhang, S.J Liu, Z.W Long and J. Jing,
arXiv:1702.03167.
[12] Z.Guralnik, R. Jackiw, S.Y. Pi and A. P. Polychronakos,
Phys. Lett. B, 517 (2001) 450.
[13] R. G. Cai, Phys. Lett. B, 517 (2001) 457.
[14] A. A. Deriglazov, W. G. Ramrez, Mod. Phys. Lett. A, 30
(2015) 1550101.
[15] A. A. Deriglazov, W. G. Ramrez, Int. J. Mod. Phys. D,
26 (2017) 1750047.
[16] A. A. Deriglazov, W. G. Ramrez, Adv. HEP, 2016 (2016)
1376016.
[17] D. Yoshioka, The Quantum Hall Effect (Springer Berlin,
2002), Chapter 2.
[18] H. Hassannabadi, Z. Molaee and S. Zarrinkarmar, Euro.
Phys. Jour. C, 72 (2012) 2217.
[19] J. Polchinski, String Theory, Vols. I, II (Cambridge Univ.
Press, Cambridge, England, 1998).
[20] C.S Chu and P.M Ho, Nucl. Phys. B, 550(1999)151, ibid,
568 (2000)447.
[21] F. Ardalan, H. Arfaei and M. M. Sheih-Jabbari, Nucl.
Phys. B 576, (2000) 578.
[22] J. Jing and Z.W. Long, Phys. Rev. D 72, (2005) 126002.
[23] A. Connes, M. Douglas and A. S. Schwarz, J. High En-
ergy Phys. 02 (1998) 003.
[24] N. Seiberg and E. Witten, J. High Energy Phys. 09 (1999)
032.
[25] M. Douglas and N. A. Nekrasov, Rev. Mod. Phys. 73,
(2001) 977.
[26] S. Minwalla, M. Van Raamsdond and N. Seiberg, J. High
Energy Phys. 02 (2000) 020.
[27] M. Van Raamsdond and N. Seiberg, J. High Energy Phys.
03 (2000) 035.
[28] R. Gopakumar, M. Van Raamsdond and A. Strominger,
05 (2000) 020.
[29] M. Chaichian, M. M. Sheikh-Jabbari, A. Tureanu,
Phys.Rev.Lett, 86, 2716 (2001).
[30] M. Chaichian, A. Demichev, P. Presnajder, M.M. Sheikh-
Jabbari, A. Tureanu, Phys.Lett.B, 527 149 (2002),
[31] M. Chaichian, A. Demichev, P. Presnajder, M.M. Sheikh-
Jabbari, A. Tureanu, Nucl.Phys.B, 611 383 (2001).
[32] B. Morariu, A. P. Polychronakos, Nucl.Phys. B, 610, 531
(2001),
[33] D. Karabali, V.P. Nair, A.P. Polychronakos, Nucl.Phys.
B, 627, 565 (2002),
[34] B.Morariu, A. P. Polychronakos, Nucl.Phys. B, 634, 326
(2002).
[35] C. Acatrinei, JHEP 09 (2001) 007.
[36] T. C. Adorno, M. C. Baldiotti, M. Chaichian, D. M. Git-
man, A. Tureanu, Phys. Lett. B 682 (2009) 235.
[37] K. Ma, J. H Wang and H. X Yang, Phys. Lett. B,
756,(2016) 221.
[38] K. Ma, J. H Wang and H. X Yang, Phys. Lett. B,
759,(2016)306.
[39] K. Ma, J. H Wang and H. X Yang, arXiv:1605.03902.
[40] M. Chaichian, D. Ellinas and P. Kulish, Phys. Rev. Lett.
65 (1990) 980.
9[41] O. Bertolami, J. G. Rosa, C. M. L. de Aragao, P. Casto-
rina and D. Zappala, Phys.Rev. D, 72 (2005) 025010, C.
Bastos and O. Bertolami Phys. Lett. A, 372 (2008) 5556,
C. Bastos, O. Bertolami, N. C. Dias and J. N. Prata,
Phys. Rev. D, 78 (2008) 023516, ibid, 80 (2009) 124038,
82 (2010) 041502, 84 (2011) 024005, 86 (2012) 105030,
O. Bertolami and Carlos. A. D. Zarro, Phys. Rev. D 81
(2010) 025005, A. E. Bernardini and O. Bertolami, Phys.
Rev. A 88 (2013) 012101, C. Bastos, A. E. Bernardini,
O. Bertolami, N. Dias and J. Prata, Phys. Rev. D, 90
(2014) 045023, ibid, 91 (2015) 065036.
[42] J.Z Zhang, Phys. Rev. D 74 (2006) 124005, J.Z Zhang,
K.L Gao and C.G Ning, Phys. Rev. D 78 (2008) 105021.
[43] T.R. Cardoso, L.B. Castro and A.S.de. Castro, Phys.
Lett. A, 372, 5964 (2008), Can. J. Phys, 87, 857 (2009),
87, 1158, J. Phys. A: Math. Theor, 43, 055306 (2010),
45, 075302 (2012), T.R. Cardoso and L.B. Castro, Phys.
Rev. A, 90 (2014) 022101.
[44] K. Wang, Y.F Zhang, Z.W Long and J. Jing, work in
progress.
